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Abstract - A two-moduli set Residue Number System (RNS) di-base is designed using a grid approach. The grid approach 

allows for flexibility in the choice of digit-base substitution in generating the di-base table. The entire design is flexible, 

answers the quest for a quaternary number system for molecular biological considerations, and is also well structured over 

the entire residue number system space. The initial approach of giving digital connotations to the di-base table is designed in 

the well-known binary system - which is the most considered number system for contemporary digital applications. This 

approach is static and also not well structured over the entire binary number system space. RNS has emerged lately as a 

number system that has numerous advantages over traditional number systems including fast processing, reduced power 

consumption, and increased resistance to errors. Any set of two (2) moduli RNS can generate the di-base table for SOLiD 

sequencing. This design is similar to the canonical di-base table designed by Applied Biosystems Instruments (ABI) for SOLiD 

sequencing. Thus, the design presents similar moduli digits for each cell given any set of moduli but different decimal values. 

It also suits the quest for a quaternary number system for molecular biological or bioinformatics considerations – since the 

number of known nitrogenous bases is four (4).  

Keywords - Residue Number System, di-base table, RNS di-base table, Sanger sequencing, Next Generation Sequencing, 

SOLiD Sequencing.

1. Introduction 
 The process of ascertaining the nucleotide order in a 

DNA molecule is known as "DNA sequencing." The first 

complete genome to be sequenced is the bacteriophage 

φX174. Understanding our DNA can provide explanations 

for the causes of various diseases and future diseases 

organisms might develop [1]. The development of the 

Sanger, Maxam, and Gilbert sequencing techniques—also 

referred to as first-generation sequencing technologies—was 

prompted by the significance of DNA sequencing [2]. The 

future of DNA sequencing suggests that Sanger’s sequencing 

was too slow for today’s demand for high speed, accuracy, 

and a relatively low cost per base sequencing. Next 

Generation Sequencing (NGS) has emerged to meet the 

demand for faster, more accurate, and cost-effective 

sequencing. There are a number of NGS algorithms, but 

SOLiD stands out for its high accuracy and throughput, and 

this is attributed to its reliance on a rather unique decoding 

method based on the di-base table [4]. The digital realization 

of the di-base table developed by Applied Biosystems 

Instruments (ABI) for SOLiD sequencing is static and not 

well structured effectively in the widely held binary number 

system framework and, as such, lacks flexibility. An 

innovative RNS di-base table for SOLiD sequencing is 

designed using 2 moduli set RNS and a grid algorithm. This 

design maintains the necessary properties for successful 

SOLiD sequence decoding and also suites the demand for a 

quaternary number system for ease of molecular biological 

applications. A code table based on RNS is envisaged to 

leverage the properties of the number system to give strong 

support for SOLiD sequencing. 

 

 The mathematical principles governing this design are 

rooted in Gamow's postulations of a (43  = 64) genetic code 

table. Thus, a (42  = 16) will suffice in generating the di-base 

table. Where the base four (4) represents the four known 

nitrogenous bases and the index two (2) represents the two 

(2) moduli sets required to generate the di-bases. The 

resultant value sixteen (16), represents the number of di-bases 

for the di-base table for SOLiD sequencing. The di-base table 

is made of four dyes – blue, green, yellow, and red – and is 

utilised in SOLiD sequencing to encode all sixteen (16) 

potential two-base pairs. SOLiD, with its two-base encoding 

approach, achieves a relatively high accuracy of about 

99.9999% and can also differentiate between true genetic 

variations, Single Nucleotide Polymorphism (SNPs) and 
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measurement errors. Just as the Rosetta stone was the key to 

deciphering Egyptian hieroglyphs [5] [6] and the genetic 

code the key to DNA sequencing, so is the di-base matrix or 

table a requirement for successful SOLiD sequencing.  
 

2. Residue Number System (RNS) 
Residue Number System (RNS) is an integer number 

system famously attributed to Sun Tzu that speeds up 

arithmetic computations by splitting them into smaller parts, 

making each part independent of the other [7]. It is a good 

alternative to conventional arithmetic, based on a weighted 

number system. The main cause for performance degradation 

in arithmetic circuits is the carry propagation scheme, which 

is avoided using RNS. RNS has transitioned from moduli 

consideration through effective converter designs and lately, 

the interest is its application in other fields of study [8]. 

Traditionally, RNS has applications in Digital Signal 

Processing, data communications networks, digital image 

and video processing, and cryptography [9]. Quite lately RNS 

is considered in areas like the Internet of Things, Cloud 

storage, artificial intelligence, and bioinformatics.  

If q and r are the quotient and remainder, respectively, of the 

integer division of a by m, that is, 𝑎 =  𝑞𝑚 +  𝑟 then, by 

definition, we have 𝑎 ≡  𝑟 (𝑚𝑜𝑑 𝑚). The number r is said to 

be the residue of a- with respect to m, and this is denoted 

by 𝑟 =  |𝑎|𝑚. The set of m values {0; 1;.…; m – 1} that the 

residue may assume is called the set of least positive residues 

modulo m. For the efficiency of moduli, the radix-2 moduli 

are considered, and for higher dynamic range, higher moduli 

sets like 4, 5, and 6 moduli sets are proposed. The most 

common moduli set used in RNS applications is the 

traditional three-moduli set, {2𝑛 − 1, 2𝑛, 2𝑛 + 1}. Only two 

(2) moduli sets are required for the design of an RNS di-base 

table. Thus, any combinations of these effective moduli can 

be considered for the design of the di-base table for SOLiD 

sequencing. {2𝑛 − 1, 2𝑛} or {2𝑛 − 1, 2𝑛 + 1} or {2𝑛, 2𝑛 +
1}. Some features of RNS that are undesirable and have 

thwarted the efforts of RNS are, magnitude comparison, 

overflow detection, division, and the unique representation of 

numbers is limited to the dynamic range beyond which 

numbers repeat. Since the RNS di-base table will not 

necessarily require the invocation of these undesirable 

features, the RNS di-base table can be very attractive in the 

design and implementation of an RNS di-base table using a 

grid approach for SOLiD sequencing. 

  

3. SOLiD Sequencing 
There are severe limitations associated with the first-

generation sequencing algorithms, speed, accuracy, and cost, 

leading to the emergence of Next-Generation Sequencing 

(NGS) methods. Some of these NGS methods are Applied 

Biosystems Instruments (ABI) - SOLiD sequencing 

technology, Illumina sequencing technology, Helicos system, 

Pacific Bioscience technology, and Roche 454 sequencing 

technologies [1][10]. The advantages of these technologies 

over each other are solely based on the technology adopted in 

sequencing  [4] [11].  SOLiD sequencing is reliant on the di-

base for decoding, and the decoding process assays two base 

positions at a time, forming the basis for the innovativeness 

of this sequencing method. The technique encodes each of the 

sixteen possible two-base combinations using four 

fluorescent dyes: red, blue, green, and yellow. The benefit of 

this technique is that it produces sequencing data with a 

relatively high accuracy that is higher than that of other ways 

of sequencing. It has the major problem of dealing with 

palindromic sequences [12]. The sequencer uses a two-base 

sequencing technique based on ligation sequencing, and 

during sequencing, each base is examined twice due to the 

two-base encoding, which provides incredibly high 

confidence in the detection of rare SNPs. A digital realization 

is achieved with each of the four bases for each row and 

column assigned binary digits. This limits the binary design 

to the numbers zero to fifteen for a sixteen di-base table, 

making the binary design static. Also, since the nitrogenous 

bases are four, the quest for a structured quaternary number 

system for molecular biological designs remains unresolved. 

The two-modulus set RNS grid design for the di-base table 

offers a quaternary approach and a more flexible di-base table 

for SOLiD sequencing. This two-base encoding enables 

researchers to shift their attention from low-quality data to 

the biological importance of the data. The major drawbacks 

are the long run times and the short read length; however, the 

short read length of the SOLiD sequencing algorithm is 

usurped by the lowest error rates due to the 2-base encoding 

technique used [13]. 

 

4. Di-Base Table 
The di-base table is made of four colours: blue, green, 

yellow, and red. Each colour is an intersection of two 

nitrogenous bases in a grid. The row and column of the 

nitrogenous bases intersect in a cell, which represents the di-

base. These di-bases are assigned their respective di-base 

colours in conformity with the canonical di-base table for 

SOLiD next-generation sequencing. Each cell is, therefore, a 

concatenation of two bases (di-base). The colours for each 

cell are represented following the rules that each column or 

row has each of the four colours. The leading diagonal has 

one unique colour: blue. The trailing diagonal also has one 

unique colour: red. A base and its reverse should have the 

same colour [12]. Figure 1 below captures the canonical di-

base table and its binary and corresponding decimal digit 

representation.  

 

     
(a)             (b)                               (c)  

Fig. 1 The di-base table (a) Canonical [14]  (b) Binary digits (c) Binary-

Decimal values 

00 01 10 11

00 0000 0001 0010 0011

01 0100 0101 0110 '0111

10 1000 1001 1010 1011

11 1100 1101 1110 1111

0 1 2 3

0 0 1 2 3

1 4 5 6 7

2 8 9 10 11

3 12 13 14 15
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If each row or column of the grid of bases is represented 

by the number 0 – 3, it implies the di-base table is constructed 

with a two-bit binary representation. This binary 

representation is tied to each cell and it is static and also has 

static decimal values. This table is observed as a four (4) bit 

binary representation, from 0 – 2𝑛 − 1, where n is the 

number of bits, binary zero (0000) to fifteen (1111). Per this 

representation, the colour blue will always be represented in 

binary as 0000, 0101, 1010 and 1111, with the decimal values 

as 0, 5, 10 and 15, respectively. Also, the colour red, made of 

the trailing diagonal, will always have the binary digits 0011, 

0110, 1001 and 1100 and the decimal values 3, 6, 9 and 12, 

respectively. Thus the di-base table in this form is static and 

limited to the digits 0 to 15 for binary and decimal 

representation and does not suit the entire binary number 

system space.  

 

5. Methodology 

The di-base table is generated as a two-moduli RNS. 

Additionally, a grid approach is adopted in generating the di-

base table. Which is flexible compared with its static binary 

counterpart. The RNS-based approach to generating the di-

base is universal and spans the entire RNS space, implying 

that any chosen set of moduli can be used for its generation. 

The designing of an RNS di-base code for successful SOLiD 

sequencing requires two (2) moduli set RNS. The two moduli 

sets are considered as m1 and m2. These two moduli are 

arranged into a grid of m1 rows of blocks and m2 columns of 

blocks. The intersection of any two digits of the two moduli 

occurs in a cell that constitutes an RNS representation. These 

combinations of digits in the cell are replaced with 

nitrogenous bases. The order of the digit-base substitution is 

0 –> A, 1–> C, 2–> G, 3–>T, where A is Adenine, C is 

cytosine, G is guanine, and T is Thymine. The colour codes 

are assigned to each combination of bases in the grid, and this 

conforms to the basic rules set by the canonical di-base table 

for SOLiD sequencing.  The table generated is similar to the 

canonical di-base designed by Applied Biosystems 

Instruments (ABI) and also obeys all the rules set out for 

successful SOLiD sequencing. The concatenated two digits 

of RNS have a decimal value - thus, each di-base has its 

decimal value. Irrespective of the moduli set chosen, the 

sorted RNS digits that make up the di-bases in each cell do 

not change, but the decimal values change. This characteristic 

can be exploited for further molecular biological analysis.    

 

6. Design Algorithm 
RNSDibase(m1, m2) 

Input: Two relatively prime numbers, m1, m2 

Output: Genetic Dibase Table 

1. Array dibaseTable[4, 4] 

2. for i ← 0 to m1 - 1 do 

3.   for j ← 0 to m2 - 1 do 

4.     if ((i < 4) && (j < 4)) 

5.       dibaseTable[i,j] ← ij 

6 return dibaseTable 

 

The Residue Number System di-base algorithm takes 

two relatively prime integer numbers, m1 and m2, as inputs. 

The inputs are processed to generate a permutation of the 4 

nitrogenous di-bases for SOLiD sequencing.  At the 

beginning, an m x n array is defined as dibaseTable. Since 

there are 4 nitrogenous bases for SOLiD sequences, m and n 

are both assigned 4. The algorithm continues with two nested 

loops. The outer loop is initialized with a counter i, which is 

assigned 0 and runs to m-1. The inner loop counter variable 

is defined as j initialized at 0 and runs from 0 to n-1. During 

each iteration of the inner loop, dibaseTable[i, j] is indexed, 

the value of the loop counters ij if both counters i and j are 

less than 4.  The algorithm returns the dibaseTable array 

when the loops complete execution 

 

7. Results and Discussion 

 

 

Fig. 2 RNS Di-Base Table, moduli [4, 5] (a) Residue digits (b) RNS-

Decimal value 

 
 

Fig. 3 RNS Di-Base Table, Moduli [5,6] (a) Residue digits (c) RNS-

Decimal values 

 
 

Fig. 4 RNS Di-base table residue digits (a) moduli [4,5]  (b) moduli [5,6] 

 

 Figure 2 (a) presents the concatenated residue digits for 

the rows and columns of the RNS di-base table for the moduli 

set [4, 5]. Figure 2 (b) holds the corresponding decimal values 

for each cell of the RNS di-base table in Figure 2 (a). 

 

5,6 0 1 2 3 4 5 

0 0 25 20 15 10 5 

1 6 1 26 21 16 11 

2 12 7 2 27 22 17 

3 18 13 8 3 28 23 

4 24 19 14 9 4 29 

4,5 0 1 2 3 4 

0 00 01 01 03 04 

1 10 11 12 13 14 

2 20 21 22 23 24 

3 30 31 32 33 34 

4,5 0 1 2 3 4 

0 0 16 12 8 4 

1 5 1 17 13 9 

2 10 6 2 18 14 

3 15 11 7 3 19 

5,6 0 1 2 3 4 5 

0 00 01 02 03 04 05 

1 10 11 12 13 14 15 

2 20 21 22 23 24 25 

3 30 31 32 33 34 35 

4 40 41 42 43 44 45 

5,6 0 1 2 3 

0 00 01 02 03 

1 10 11 12 13 

2 20 21 22 23 

3 30 31 32 33 

4,5 0 1 2 3 

0 00 01 02 03 

1 10 11 12 13 

2 20 21 22 23 

3 30 31 32 33 

   (a)                                                       (b) 

   (a)                                                       (b) 

   (a)                                                       (b) 
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Fig. 5 RNS Di-base table - Decimal Values (a) Moduli [4,5]  (b) Moduli 

[5,6] 

  

 Figure 3 (a) and (b) hold the concatenated residue digits 

and corresponding decimal representation for the moduli set 

[5, 6]. Figure 4 presents a truncated RNS di-base with residue 

digits for moduli sets [4, 5] and [5, 6] in (a) and (b), 

respectively. It can be observed that the residue digits for any 

two moduli set selected for the di-base table will always be 

the same irrespective of the moduli. Also, figure 5 shows a 

truncated RNS di-bas table with corresponding decimal 

values for moduli sets [4, 5] and [5, 6]. This further proves 

that the corresponding decimal values will always be 

different for different moduli sets, and the di-base table will 

not be affected by any change in the relatively prime moduli 

set selected for implementation. Thus, the design can take 

advantage of any effectively implemented moduli sets.  With 

the use of the RNS grid, each of the digits that make up a 

particular block of colour will always be in the same position 

irrespective of the number and type of moduli sets selected. 

The main difference in choosing different moduli comes from 

changes in the decimal values of each of the concatenated 

residue digits that make up each colour. 

 

8. Complexity of Algorithm – Big O 
Summary 

t(n) = 1 + (1+m1)+(1+m2) + 3(1+m1)(1+m2) + 2    

((1+m1)(1+m2)) + 1 

t(n) = 9 + 6m1 + 6m2 + 3m1m2 + 2m1m2 

as m1, m2 becomes large, m1 = n, m2 = n 

t(n) = 5𝑛2 + 12n + 9 

as n --> ∞ 

t (n) = O (𝑛2) 
Fig. 6 Big O notation of RNS di-base algorithm 

 
Figure 6 presents the big O notation of the RNS di-base 

algorithm. This presents an objective manner of comparing 

the time complexity of the algorithm in a hardware-

independent manner. The time complexity is O of n2 which 

represents the worst case and is similar in comparison with a 

binary case. But it remains that the RNS approach has the 

advantage of flexibility over the entire number system space 

as compared with binary which is static. Also, the RNS di-

base approach suits the quest for a quaternary number system 

for molecular biological applications.  

 

9. Conclusion 
 A two-moduli set RNS di-base table is designed. 

Compared with the canonical di-base table design by Applied 

Biosystems Instruments (ABI), whose digital realization is 

static and hence does not span the entire binary number 

system space. This design is flexible and spans the entire 

residue number system space. Thus, any two moduli set RNS 

will successfully generate the di-base table with similar RNS 

digits in each cell but different decimal values.  The design 

further suits the quest for a quaternary number system for 

molecular biological applications. 

 

 In summary, the RNS di-base table generated is similar 

to the canonical di-base designed by Applied Biosystems 

Instrument. It obeys all the rules set out for a successful 

SOLiD sequencing and offers flexibility over the RNS 

number system space. It also presents a quaternary approach 

to the generation of the di-base table, which is a desired 

consideration by most molecular biologists – since there are 

four (4) known nitrogenous bases.   
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