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Abstract - Fast and accurate computation of special functions such as Parabolic function, Wright function and Riemann Zeta 

function is essential in problems involving fractional calculus, quantum models and large-scale numerical simulations. These 

functions require extensive series expansions and recurrence-based formulations, which lead to significant computational 

overhead when computed sequentially. To solve this problem, this work reports the design of optimised parallel computing 

algorithms for the Parabolic function, Wright function and Riemann Zeta function, and implementation on a Graphics 

Processing Unit (GPU) platform using Compute Unified Device Architecture (CUDA). The decomposition of these functions 

substantially speeds up their computation on concurrent CUDA threads, enabling efficient large-scale computation. Techniques 

to reduce shared memory and strategies to preserve precision are integrated, guaranteeing numerical stability and accuracy in 

the calculation. The GPU implementation achieves 100x to 160x speed-up over the sequential C implementation, thereby proving 

the effectiveness of the proposed method for fast and reliable computations of these functions. 

Keywords - Parabolic function, Wright function, Riemann Zeta function, Numerical Computation, Parallel Algorithms, CUDA, 

GPU Computing. 

1. Introduction  

Special functions are the analytical basis for many 

mathematical models and numerical simulations in 

computational engineering, physics and applied mathematics. 

Parabolic functions have naturally arisen in the study of 

quantum harmonic oscillators, electromagnetic wave 

propagation, and variable coefficient second order differential 

equations [1, 2]. The Wright function, in its original definition 

by means of generalized Bessel-type expansions, has later 

become one of the essential elements for the modeling of 

fractional diffusion processes, viscoelastic relaxation and 

anomalous transport phenomena [3-5]. In a broader theoretical 

context, the Riemann zeta function is still at the forefront of 

number theory, with applications in spectral analysis, quantum 

gas thermodynamics and statistical description of energy-level 

distributions [6, 7].  

 

These applications include evaluation of special 

functions, on a dense grid over large ranges of parameters, or 

in the course of iterative steps in Monte Carlo simulations, 

stability analyses, computations of option prices, and solutions 

of fractional differential equations [8-10].  Additionally, these 

computations are frequently computationally demanding. 

Asymptotic expansions, recurrence relations, and slowly 

convergent series are examples of series-based representations 

that are computationally stable and numerically challenging. 

If done in a loop, they are also rather expensive. Particularly 

for models described by fractional order dynamics involving 

Wright and Mittag-Leffler functions, increasing simulation 

dimensions will make CPU-based computation a critical 

bottleneck [11]. 

 

Parallel hardware has been shown to be an effective 

means of addressing this requirement. Graphics Processing 

Unit (GPU) provide enormous parallelism across threads, high 

memory bandwidth, and efficient execution of independent 

arithmetic operations. These features make them attractive for 

evaluating special functions, which can be expressed as 

combinations of term-wise or element-wise operations [12]. 

Over the last decade, tremendous progress has been achieved 

in employing GPUs to expedite the computation of numerical 

kernels such as Bessel functions [13], hypergeometric 

functions [14], Mittag-Leffler functions [15], and generic 

mathematical transforms in scientific computation [16, 17]. 

Even though there are a few numerical kernels that have been 

implemented on GPUs, there is relatively little information in 

the existing literature about algorithms optimized for GPUs 

for the Parabolic function, the Wright function, or the 

Riemann Zeta function in fractional calculus problems. The 

research gaps identified and the motivation discussed in this 
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work are as follows: 

1. Existing studies do not provide a unified GPU-oriented 

framework for the efficient computation of Parabolic 

Cylinder, Wright, and Riemann Zeta functions. 

2. Despite the increasing use of GPUs in scientific 

computing, CUDA-based algorithms for the efficient 

evaluation of special functions such as the Parabolic, 

Wright, and Riemann Zeta functions are not available in 

existing literature. 

3. Comparison of sequential CPU implementations with 

parallel GPU algorithms in CUDA is limited in the 

literature. 

 

Special functions play an important role in fractional 

calculus as they are often used to provide analytical and 

numerical solutions to fractional differential equations in 

physics, engineering, control systems and signal processing. 

In Fractional Order (FO) models, functions such as the 

Gamma function, the Mittag-Leffler function, the Confluent 

Hypergeometric function and other transcendental functions 

are commonly used to describe the memory and heredity 

properties of dynamical systems. However, these functions are 

computationally expensive to compute due to the need for 

infinite series expansions, recurrence relations, integral 

transforms and complex arithmetic operations. Researchers 

have increasingly investigated GPU-based parallel computing 

techniques to overcome those limitations and speed up the 

evaluation of special functions used in fractional calculus. 

Independent arithmetic operations and summation terms can 

be parallelized, which has resulted in significant 

improvements in execution speed and scalability of CUDA-

oriented implementations [18]. Furthermore, hybrid GPU 

CPU computational frameworks and parallel discretization 

strategies have been presented to efficiently solve FO systems 

while reducing computational overhead and memory 

complexity [19]. Also, recent works showed that fast 

convolution techniques and hybrid numerical approaches can 

be employed to further improve the efficiency of large-scale 

Fractional Differential Equation (FDE) simulations [20, 21]. 

These developments underscore the growing importance of 

GPU-accelerated computing for efficient numerical analysis 

in fractional calculus applications. However, the GPU 

computing of Parabolic Cylinder, Wright, and Riemann Zeta 

functions has not been addressed in the literature. These 

functions are employed in quantum mechanics, fractional 

differential equations, anomalous diffusion models, signal 

processing, spectral analysis, wave propagation, and large-

scale scientific computing applications. 

 

This work addresses the research gap by designing 

parallel computing algorithms using the Compute Unified 

Device Architecture (CUDA) framework that enables 

efficient computation of these functions. The new approach 

transforms the traditional numerical forms of these special 

functions into a structure well suited for parallel computation, 

with thousands of computing threads on the GPU working 

concurrently to compute individual terms. We have included 

reductions, log transforms, and truncation strategies with 

precision taken into account, and a C code version for a more 

realistic speed comparison. The novel contributions of this 

work are presented as follows: 

1. A systematic framework of parallel computing methods 

for efficient numerical evaluation of specific functions, 

designed for high-performance implementation. 

2. The GPGPU platform is used to implement a GPU-based 

framework for parallel algorithms to speed-ups the 

computation of the selected special mathematical 

functions. 

3. The proposed parallel method implementation's 

performance is evaluated against the best sequential 

version to assess improvements in accuracy, runtime, and 

scalability. 

 

The paper is structured as follows. Section 2 deals with 

the Fractional Calculus and its relation to the considered 

functions. Section 3 introduces the Special Functions that are 

considered in this work and the mathematical details needed 

to compute them. Parallel computing and GPU acceleration 

are discussed in Section 4. The principles of the CUDA-based 

execution are explained. Section 5 discusses parallel 

computing algorithms for computing the selected special 

functions. Section 6 gives the results and performance 

comparisons of the CPU and the GPU. The work is concluded 

in Section 7, with the main findings and future directions. 

2. Fractional Calculus 
Fractional calculus is a generalization of classical 

differentiation and integration to arbitrary order, i.e. real or 

complex. This mathematical technique has gained 

considerable interest in recent years due to its ability to deal 

with more complex phenomena in nature and physical 

systems. There are several publications on the properties of 

FDE and their solutions [8]. Currently, fractional derivatives 

FD and integrals are used in physics, engineering, biology, and 

control systems for their ability to capture memory effects and 

nonlocality. Several mathematical approaches have been 

proposed to define derivatives of non-integer order. The three 

most popular definitions of FD are as follows, 

2.1. Grünwald–Letnikov Derivative 

This approach defines the fractional derivative through a 

limiting process involving backward finite differences: 

 

𝐷𝑥
µ

𝑎
 𝑓(x) = lim

ℎ→0
ℎ−µ ∑ (−1)𝑘

[
𝑥−µ

ℎ
]

𝑘=0

,µ 𝐶𝑘, 𝑓(𝑥 − 𝑘ℎ), (1)  

where, [𝑥] is the integer part of x, and the binomial 

coefficient is given  µ𝐶𝑘 . 

2.2. Riemann–Liouville (RL) Derivative 

The RL definition involves FO integration of the function 
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followed by its classical derivative. It is given as: 

 

𝐷𝑥
µ

𝑎
 𝑓(𝑥) =

1

Γ(𝑚 − µ)

𝑑𝑚

𝑑𝑡𝑚
∫

𝑓(p)

(𝑦 − p)µ−𝑚+1

𝑥

µ

, 𝑑p, (2) 

 
for (𝑚 − 1) < µ < 𝑚, 𝑚 ∈ 𝑍+ and Γ(⋅) is the Gamma 

function. 

2.3. Caputo's definition of order 𝜶 ∈ 𝑹+ 

The Caputo derivative is a basic tool of fractional 

calculus. And it is expressed  as, 

 

𝐷𝑥
µ

𝑎
 𝑓(𝑥) =

1

Γ(𝑚 − µ)
∫

𝑓(𝑚)(p)

(𝑦 − p)µ−𝑚+1

𝑥

µ

, 𝑑p, (3)  

 

for (𝑚 − 1) < µ < 𝑚, 𝑚 ∈ 𝑍+where 𝑓(𝑚)(p)  is the 𝑚𝑡ℎ -

order derivative of the function 𝑓(𝑥). 

 

The Caputo derivative is especially evident in 

engineering applications and physics because it enables the 

direct implementation of initial conditions, which are 

meaningful in physics, into an FO model. 

 

Differentiation and integration are extended to functions 

with non-integer orders in fractional calculus, offering an 

effective method for studying processes with memory and 

genetic characteristics. Fractional derivative processes are 

highly effective in simulating long-range dependencies in 

physical and biological processes because they rely on both 

local and historical data of a function, as opposed to classical 

derivative processes that only rely on local data. FDEs have 

become widely used in physics and biology as a result [22]. 

There are several fractional derivative formulations suited to 

specific problems. While the Riemann-Liouville fractional 

derivative formulations are preferred for analytical and 

theoretical modeling, others are preferred in engineering for 

initial-value problems where it is advantageous to have initial 

conditions given as equations with integer orders [23]. 

Another fractional derivative formulation that provides a 

discretized representation of fractional derivative processes is 

given by Grünwald and Letnikov and is preferred for 

numerical computations, especially for finite difference 

approximations of fractional differential equations. 

 

Fractional calculus typically produces mathematical 

formulations with solutions described in terms of nonclassical 

special functions. Wright functions are often used to solve 

fractional diffusion and relaxation phenomena, whereas 

general space fractional derivatives may result in a solution in 

the form of generalized Gaussian-type kernels and Parabolic 

Functions. These special functions encode the nonlocal 

properties of the corresponding fractional processes and have 

been applied to the study of viscoelasticity, anomalous 

diffusion, bioengineering, and ultra-slow relaxation 

phenomena [24, 25]. Computationally, the fractional 

differential equation is challenging due to the history-

dependent kernels and the repeated evaluation of the 

aforementioned special function at many points in time and 

space. Generally, standard numerical approaches for 

simulating fractional differential equations can be highly 

computationally intensive, especially for complex simulations 

and finer grids [26]. With the rising complexity of simulating 

fractional models, highly efficient numerical approaches, 

preferably with parallel computation, are needed. 

 

3. Special Functions in Fractional Calculus 
Special functions have significance in fractional calculus 

because they are developed while solving fractional 

differential and integral equations. The Parabolic function, the 

Wright function, and the Riemann Zeta function are among 

the special functions commonly utilized to tackle anomalous 

diffusion problems and nonlocal relaxation processes [27]. 

These functions are generally presented in forms of infinite 

series, asymptotic series, or recurrence relations. The 

disadvantage of these forms is the potential instability and 

convergence problems when solving these functions 

numerically. The definitions of these functions are presented 

in the following sections. 

 

3.1. Parabolic Functions 

Parabolic functions appear as solutions of the second-

order differential equation. 

 
𝑑2𝑦

𝑑𝑡2   +   ( A  +  
1

2
  −  

𝑡2

4
 )    = 0                            (4)     

 

Where A is a real or complex parameter [1], they arise in 

models of quantum harmonic oscillators, the propagation of 

electromagnetic waves, and the stability of differential 

systems [2]. Also, the parabolic functions arise in some 

problems of fractional diffusion, in which Gaussian-type 

distributions are affected by fractional dynamics [28, 29]. The 

functions can be written in terms of two independent solutions, 

generally denoted by U(A, t) and V(A, t). The series 

representations of these functions permit separation into even 

and odd parts, which is helpful in numerical calculations. 

3.2. Even Parabolic Function 
The even solution contains only even powers of t: 

 

𝐷A
(𝑒)(𝑡) = 𝑒−𝑡2/4 ∑

(
1
2

A)
𝑘

(2𝑘)!
(

𝑡2

2
)

𝑘∞

𝑘=0

               (5)  

Where  (𝐴)𝑘 is the Pochhammer symbol [30]. Its 

representation is stable for small and moderate values of t. 

3.3. Odd Parabolic Function 
The odd solution contains only odd powers of t: 
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𝐷A
(𝑜)(𝑡) = 𝑡𝑒−𝑡2/4 ∑

(
1
2

(A + 1))
𝑘

(2𝑘 + 1)!

∞

𝑘=0

(
𝑡2

2
)

𝑘

       (6)
 

 

This allows the construction of general solutions through 

linear combinations [31]. Such functions appear in fractional 

stochastic processes and models involving fractional Hermite 

operators [32]. 

3.4. Wright Function 

The Wright function can be defined as follows: 

𝑊α,β(𝑡) = ∑
𝑡𝑘

𝑘!  Γ(α𝑘 + β)

∞

𝑘=0

                               (7)  

 

It is a fundamental building component of fractional 

calculus [3]. It is a key component of solutions to time 

fractional diffusion equations, representing probability 

densities for subdiffusive processes [33]. 

 

𝑢(𝑥, 𝑡) =
1

2𝑡α/2
𝑊−α/2, 1−α/2 (−

|𝑥|

𝑡α/2
)           (8)  

 

Here, the probability density is expressed as  𝑢(𝑥, 𝑡), 𝑥 ∈
𝑅is the spatial variable, while 𝑡 > 0 denotes time. The 

parameter α controls the order of the fractional derivative, 

indicating the sub-diffusive nature of the process [34, 35]. The 

Wright function is the primary solution to the time-fractional 

diffusion equation, and it defines the heavy-tailed distribution 

found in sub-diffusive fractional transport processes [35, 36]. 

 

3.5. Riemann Zeta Function 

The Riemann Zeta function is conventionally defined for 

Re(s) > 1 as: 

ζ(𝑠) = ∑ 𝑘−𝑠

∞

𝑘=1

                                                       (9)  

 

The parameter 𝑠 denotes the argument of the zeta function 

and may take real or complex values, with the convergence 

condition 𝑅(𝑠) > 1. In the present study, 𝑠 is a positive real 

number, which is sufficiently general for most numerical 

applications. This is then summed over the index  , which is a 

summation variable and runs from 𝑘 = 1 𝑡𝑜 ∞, counting the 

successive terms of the series. The infinite sum is 

approximated computationally by a truncated sum with a finite 

upper limit 𝑁, for which both efficient sequential and parallel 

implementations are possible. And it also extends analytically 

in other parts of the complex plane [6]. Apart from number 

theory, the Zeta function arises in spectral sums, fractional 

quantum mechanics, and eigenvalue regularization of 

fractional Laplacians [37]. Efficient schemes become 

necessary when a significant summation limit or high 

accuracy is required. Thus, there is a motivation to employ 

parallel computing approaches [38]. 

 4. Parallel Computing and GPU Acceleration 
Numerical integration to compute special functions like 

the Parabolic, Wright, or Riemann Zeta functions requires 

numerous calculations involving expansions, gamma, or 

power functions, which are computationally intensive, 

especially as the grid point or cut-off parameter increases. 

Conventional processors rely mainly on pipelined execution 

and lack robust parallel processing capabilities, making them 

unsuitable for the above kinds of calculations. GPUs are 

designed to provide massive parallel processing, substantial 

memory bandwidth, and a hierarchical architecture well suited 

to applications requiring numerous simultaneous arithmetic 

operations, as in the processing of special functions used in 

fractional calculus, anomalous diffusion, spectral methods, 

and so on.  

 

 
Fig. 1 A graphic representation of the proposed algorithm employed in 

this study 
 

Modern GPUs are now made up of Streaming 

Multiprocessors (SMs), which include hundreds of 

lightweight CUDA cores, warp schedulers, registers, shared 

memory banks, and specialized functional units. Threads are 

processed in batches of 32, known as warps, in a Single-

Instruction, Multiple Thread parallel processing architecture. 

This makes processing thousands of threads in a single 

operation extremely effective for performing term-by-term 

series calculations and algorithms that involve the summation 

of values, which is optimally suited to GPUs.A graphic 

representation of the proposed algorithm is illustrated in 

Figure 1 [12]. Another significantly important factor is the 

present hierarchical architecture in GPUs, which has global 

memory meant for extensive volume data, constant/texture 

memory designed for cached accesses, registers for storage 

meant for each processing thread, and shared memory that has 

persistently low latency, enabling threads in a single block to 

distribute intermediate values in a shared manner, hence 

significantly speeding up computation in cases where 

summations or reductions in special functions are involved 

[39]. 

 

CUDA is a parallel computing platform created and used 

by NVIDIA that allows programmers to translate 

mathematical operations into kernels to execute on this 

platform. Each execution of a kernel launches a two-

dimensional array of thread blocks and allows the programmer 

to assign operations to thread blocks to compute a part of the 
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mathematical operation. For special functions, a term can be 

directly transferred to a thread due to the independence of the 

series terms in the Parabolic series, the Wright function's 

series expansion, and the Riemann Zeta-function's summation 

form. The processing phase of the program contains a 

reduction step, which uses the shared memory model across 

the blocks of threads to compute the total and store it back on 

the CPU [40].  

 

This model follows the already used algorithms for the 

parallelization of mathematical functions involving fractional 

calculus on a GPU and applies this approach to the developed 

framework for the mathematical functions investigated in this 

paper. The applicability of GPUs to special function 

computation is further evident in the context of fractional 

functions, which are often used in numerical solutions to 

fractional diffusion or oscillation problems.  
 

For instance, in fractional diffusion problems, numerical 

solvers often require computing thousands of Wright 

functions at every time step, whereas in fractional oscillations, 

Parabolic function computation is often involved. In such 

cases, besides speeding up computation, GPUs can also 

facilitate computation in problems where a CPU setup would 

incur impractical computational costs, a direct result of the 

parallel architecture being independent of problem scale [41]. 
 

5. Parallel Computing Framework for Special 

Functions 
This section presents the design of GPU-accelerated 

algorithms for computing the Even and Odd Parabolic 

functions, the Wright function, and the Riemann Zeta 

function. The method used here is similar to the parallelization 

framework described above, where each series expansion is 

decomposed into independent terms, which are then mapped 

to CUDA threads [12]. The original sequential formulation of 

each function is first reformulated to a suitable form for 

execution on the GPU. Each term is then computed 

independently and accumulated to get the final numerical 

result. 

 

The CUDA algorithms are developed for Even Parabolic 

function, and Odd Parabolic function are presented in 

Algorithms 1 and 2, respectively. Algorithms 3 and 4 are 

designed for the Wright and Riemann Zeta functions, 

respectively.  

The validation with their CPU counterparts, as depicted 

in Figures 4-7, to ensure the computational consistency of the 

results. The Mean Squared Error (MSE) between the two 

outputs can be calculated as [42]:  

MSE =
1

𝑗
∑(𝑦𝑞 − 𝑦𝑞̂)

2

𝑗

𝑞=1

 

Where 𝑞 signifies the total number of data samples, 𝑦𝑞  

represents the serial execution on the CPU at the 𝑦th sample, 

𝑦𝑞̂  represents the parallel execution on the GPU at the 𝑞th 

Sample. The GPU implementation maintains the same level of 

precision as the verified CPU model, and the computed values 

are below a predetermined threshold, as measured by the 

MSE. This validation shows that the parallel algorithm is 

robust to its parameter while achieving a notable speed-up 

[42]. 

  

Fig. 2 Flow chart for the proposed approach employed in this study 

The performance gain achieved through GPU 

acceleration is quantified using the speed-up, and it is defined 

as: 

No 

Yes 

Start 

Analyze the steps in 

special function suitable 

for parallel execution 

Sequential 

Execution on CPU 

Parallel Execution 

on GPU 

Integrating 

sequential and 

parallel 
computation results 

Validation of 

sequential and parallel 

execution results 

Computation of MSE 

Is MSE within 

specified limit? 

End 
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Speed-up

=
Execution time of serial CPU implementation

Execution time of parallel GPU implementation.
  

A substantial speed-up ensures proper utilization of GPU 

resources. The entire process of the proposed methodology is 

presented in Figure 2. This flowchart presents how one can 

move from function component analyses for parallelization to 

testing and validation of parallel computing for both CPU and 

GPU devices. This ensures efficient calculation of special 

functions using parallel computing methods. 

5.1. Even Parabolic Function 

The Even Parabolic Function is defined by: 

𝐷A
(𝑒)(𝑡) = ∑

(
A
2

)
𝑘

(2𝑘)!
(

𝑡2

2
)

𝑘

𝑒−𝑡2/4

𝑁

𝑘=0

              (10)  

Each summation term is independent and thus suitable for 

GPU-based parallel evaluation.  

𝐸𝑘 =
(

A
2

)
𝑘

(2𝑘)!
(

𝑡2

2
)

𝑘

                                             (11)  

The prefactor 𝑒−𝑡2/4, is computed once per input value, 

while the terms are computed in parallel on the GPU and then 

reduced to obtain the final sum. 

Algorithm 1: Even Parabolic Function 𝑫𝐀
(𝒆)(𝒕) on GPU 

1. Set (𝑡, 𝐴) and truncation limit 𝑁 

2. Compute 𝑝𝑟𝑒𝑓𝑎𝑐𝑡𝑜𝑟 ← exp(−𝑡2/4) 

3. Allocate memory for 

𝑑_𝑒𝑣𝑒𝑛_ℎ𝑜𝑠𝑡[ ]𝑎𝑛𝑑 𝑑_𝑒𝑣𝑒𝑛_𝑑𝑒𝑣𝑖𝑐𝑒[ ] 
4. Start timer 

5. Launch CUDA kernel 𝑐𝑜𝑚𝑝𝑢𝑡𝑒_𝐷_𝑒𝑣𝑒𝑛 

6. 𝑡𝑖𝑑 ← 𝑡ℎ𝑟𝑒𝑎𝑑𝐼𝑑𝑥. 𝑥 

7. 𝑖𝑑 ← 𝑏𝑙𝑜𝑐𝑘𝐼𝑑𝑥. 𝑥 × 𝑏𝑙𝑜𝑐𝑘𝐷𝑖𝑚. 𝑥 +  𝑡𝑖𝑑 

8. If 𝑖𝑑 ≥ 𝑛𝑢𝑚_𝑣𝑎𝑙𝑢𝑒𝑠 then Return 

9. return 

10. 𝑠𝑢𝑚 ← 0.0 

11. For 𝑘 =  0 𝑡𝑜 𝑁 in parallel do 

12. Compute Pochhammer: 𝑝𝑜𝑐 ← 𝑝𝑜𝑐ℎℎ𝑎𝑚𝑚𝑒𝑟(𝐴/
2, 𝑘) 

13. Compute: 

𝐸𝑘 =
𝑝𝑜𝑐 ⋅ (𝑥𝑡2/2)𝑘

(2𝑘)!
 

 

14. 𝑠𝑢𝑚 ← 𝑠𝑢𝑚 + 𝐸𝑘 

15. end for 

16. Output: 𝐷𝐴
(𝑒)(𝑡) = 𝑝𝑟𝑒𝑓𝑎𝑐𝑡𝑜𝑟 × 𝑠𝑢𝑚 

17. Copy device results to the host 

18. Stop the timer and free memory. 

5.2. Odd Parabolic Function  

The Odd Parabolic Function is given by: 

𝐷A
(𝑜)(𝑡) = 𝑡 𝑒−𝑡2/4 ∑

(
A + 1

2
)

𝑘

(2𝑘 + 1)!
(

𝑡2

2
) 𝑘

𝑁

𝑘=0

         (12)   

Each term in the series is computed independently within 

a GPU thread: 

𝑂𝑘 =
(

A + 1
2

)
𝑘

(2𝑘 + 1)!
(

𝑡2

2
)

𝑘

                                         (13)  

Algorithm 2: Odd Parabolic Function 𝑫𝑨
(𝒐)(𝒕) on GPU 

1. Set (𝑡, A) and truncation limit 𝑁 

2. Compute 𝑝𝑟𝑒𝑓𝑎𝑐𝑡𝑜𝑟 ← 𝑡 ⋅ exp(−𝑡2/4) 

3. Allocate memory for 

𝑑_𝑜𝑑𝑑_ℎ𝑜𝑠𝑡[ ] 𝑎𝑛𝑑 𝑑_𝑜𝑑𝑑_𝑑𝑒𝑣𝑖𝑐𝑒[ ] 

4. Start timer 

5. Launch CUDA kernel 𝑐𝑜𝑚𝑝𝑢𝑡𝑒_𝐷_𝑜𝑑𝑑 

6. 𝑡𝑖𝑑 ← 𝑡ℎ𝑟𝑒𝑎𝑑𝐼𝑑𝑥. 𝑥 

7. 𝑖𝑑 ← 𝑏𝑙𝑜𝑐𝑘𝐼𝑑𝑥. 𝑥 × 𝑏𝑙𝑜𝑐𝑘𝐷𝑖𝑚. 𝑥 +  𝑡𝑖𝑑 

8. 𝑖𝑑 ≥ 𝑛𝑢𝑚_𝑣𝑎𝑙𝑢𝑒𝑠 

9. return 

10. 𝑠𝑢𝑚 ← 0.0 

11. for 𝑘 =  0 𝑡𝑜 𝑁 in parallel do 

12. Compute Pochhammer: 𝑝𝑜𝑐 ← 𝑝𝑜𝑐ℎℎ𝑎𝑚𝑚𝑒𝑟((A +

1)/2, 𝑘) 

13. Compute: 

𝑂𝑘 =
𝑝𝑜𝑐 ⋅ (𝑡2/2)𝑘

(2𝑘 + 1)!
 

14. 𝑠𝑢𝑚 ← 𝑠𝑢𝑚 + 𝑡𝑘 

15. end for 

16. Output: 𝐷A
(𝑜)(𝑡) = 𝑝𝑟𝑒𝑓𝑎𝑐𝑡𝑜𝑟 × 𝑠𝑢𝑚 

17. Copy device results to the host 

18. Stop the timer and free memory. 

 

5.3. Wright Function 

The Wright function is defined by: 

𝑊α,β(𝑡) = ∑
𝑡𝑘

𝑘!  Γ(α𝑘 + β)

𝑁

𝑘=0

                             (14)  

Each summation term is independent and computed via: 

𝑊𝑘 =
𝑡𝑘

𝑘!  Γ(α𝑘 + β)
                                            (15)  

Computations are performed in logarithmic form to avoid 

overflow, 

𝐿𝑘 = 𝑘 log(𝑡) − log(𝑘!) − log Γ (α𝑘 + β)     (16)   
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Algorithm 3: Wright Function 𝑾𝛂,𝛃(𝒕) on GPU 

1. Set parameters (α, β, 𝑡)and truncation limit 𝑁 

2. Allocate memory for 

𝑤𝑟𝑖𝑔ℎ𝑡_ℎ𝑜𝑠𝑡[ ] 𝑎𝑛𝑑 𝑤𝑟𝑖𝑔ℎ𝑡_𝑑𝑒𝑣𝑖𝑐𝑒[ ] 
3. Start timer 

4. Launch CUDA kernel 𝑐𝑜𝑚𝑝𝑢𝑡𝑒_𝑤𝑟𝑖𝑔ℎ𝑡 

5. 𝑖𝑑 ← 𝑏𝑙𝑜𝑐𝑘𝐼𝑑𝑥. 𝑥 × 𝑏𝑙𝑜𝑐𝑘𝐷𝑖𝑚. 𝑥 +  𝑡ℎ𝑟𝑒𝑎𝑑𝐼𝑑𝑥. 𝑥 

6. 𝑖𝑑 ≥ 𝑛𝑢𝑚_𝑣𝑎𝑙𝑢𝑒𝑠  

7. return 

8. 𝑠𝑢𝑚 ← 0.0 

9. for  𝑘 =  0 𝑡𝑜 𝑁  in parallel do 

10. Compute: 𝐿𝑘 = 𝑘 log(𝑡) − log(𝑘!) − log Γ (𝛼𝑘 + 𝛽) 

11. Compute 𝑡𝑘 = exp(𝐿𝑘) 

12. 𝑠𝑢𝑚 ← 𝑠𝑢𝑚 + 𝑡𝑘 

13. end for 

14. Output: 𝑊α,β(𝑡) = 𝑠𝑢𝑚 

15. Copy results to host 

16. Stop the timer and free memory. 

 

5.4. Riemann Zeta Function 

For R(𝑠) > 1, the Riemann Zeta function is given as: 

ζ(𝑠) = ∑ 𝑘−𝑠

𝑁

𝑘=1

                                                     (17)  

Each term is independently evaluated by: 

𝑡𝑘 = 𝑘−𝑠                                                                (18)  
 

Algorithm 4: Riemann Zeta Function 𝛇(𝒔) on GPU 

1. Set input 𝑠 and truncation limit 𝑁 

2. Allocate memory for 

𝑧𝑒𝑡𝑎_ℎ𝑜𝑠𝑡[ ] 𝑎𝑛𝑑 𝑧𝑒𝑡𝑎_𝑑𝑒𝑣𝑖𝑐𝑒[ ] 
3. Start timer 

4. Launch CUDA kernel 𝑐𝑜𝑚𝑝𝑢𝑡𝑒_𝑧𝑒𝑡𝑎 

5. 𝑖𝑑 ← 𝑏𝑙𝑜𝑐𝑘𝐼𝑑𝑥. 𝑥 × 𝑏𝑙𝑜𝑐𝑘𝐷𝑖𝑚. 𝑥 +  𝑡ℎ𝑟𝑒𝑎𝑑𝐼𝑑𝑥. 𝑥 

6. 𝑖𝑑 ≥ 𝑛𝑢𝑚_𝑣𝑎𝑙𝑢𝑒𝑠  
7. return 

8. 𝑠𝑢𝑚 ← 0.0 

9. for 𝑛 =  1 𝑡𝑜 𝑁 in parallel do 

10. Compute: 𝑡𝑘 = 𝑘−𝑠 

11. 𝑠𝑢𝑚 ← 𝑠𝑢𝑚 + 𝑡𝑘 
12. end for 

13. Output: 

𝜁(𝑠) = 𝑠𝑢𝑚. 
14. Copy results to host 

15. Stop the timer and free memory. 

 

6. Results and Discussion 
For the GPU version, the mathematical expressions of the 

three functions were reformulated into summation 

components suitable for thread-level decomposition. Each 

CUDA kernel was designed so that every thread computed one 

term of the series, while shared memory handled partial 

summations within a block. This reduced dependence on 

slower global memory and enabled efficient accumulation of 

results. The approach mirrors the procedure described in 

earlier parallel computing frameworks, where special function 

evaluation is mapped onto the many-core GPU architecture to 

reduce computational latency. 

Table 1. Hardware specifications of the computing environment 

Parameter Details 

GPU RTX A5000 NVIDIA 

CUDA Cores 8192 

Base Clock 1170 MHz 

GPU Memory 24 GB GDDR6 

CPU Intel® Xeon® 

Cache 22.5 MB 

Cores 16 

Base Clock 2.6 GHz 

RAM 12 GB 

 

 
Fig. 3 Computational platform with NVIDIA GPU 

To maintain high throughput, grid and block topologies 

were chosen depending on the number of evaluation points 

and the truncation limitations of each function. Host-device 

memory transfers were minimized by keeping term-wise 

computation entirely on the GPU. Exponential, power, and 

Gamma-related expressions utilized CUDA intrinsic functions 

to provide faster execution compared to CPU arithmetic 

functions. Once the kernel processing finished, values were 

retrieved from the device for comparison with CPU values. 

For every input, results from both processors were identical 

within floating precision, ensuring that parallel expressions 

were accurate. Performance studies have shown persistent 

speed-ups for all three functions. 

 

The hardware configuration used for the experimental 

evaluation is dictated by the technical specifications of the 

computing platform presented in Table 1 and the 

computational environment shown in Figure 3. The 

environment is a heterogeneous CPU-GPU environment 

where the GPU is used mainly for computationally intensive 
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numerical calculations, and the CPU is responsible for task 

scheduling, control flow and data coordination. This 

arrangement permits efficient use of system resources and 

scalability to larger problem sizes. The results achieved for the 

parallel computing algorithm by using a GPU always indicate 

better computational performance. This confirms the 

effectiveness of GPU-accelerated parallel processing for 

complex mathematical computations. 

 

The Parabolic functions were easily amenable to 

parallelization of polynomial expressions for the Gamma 

function, whereas for the Wright function, there was 

proportionally faster acceleration owing to its exponential as 

well as Gamma function dominants. The Riemann Zeta 

function also recorded notable performance speed-ups, 

primarily for truncated limits of substantial size, as they 

necessitate deeper summations. In essence, all studies have 

validated the efficiency of using identical parallelization 

techniques for other special functions as well. 

 

6.1. Even Parabolic Function 

Computational performance of the Even Parabolic 

function for varying values of the parameter 𝐴 is highlighted 

in    Table 2, with the truncation order fixed at 𝑁 = 200 and a 

fine time discretization 𝑡 = −5: 10−5: 5. The sequential 

execution time remains nearly constant across all cases, 

indicating minimal sensitivity to changes in 𝐴. The parallel 

processing implementation completes the process up to 130 to 

150 times faster. As a result, speed-up of over two orders of 

magnitude is achieved, validating the efficiency of the novel 

parallel method. Figure 4 validates the parallel 

implementation by showing an almost exact match between 

the parallel and serial results across the entire time domain. 

The strong agreement, including near the extrema, confirms 

that substantial performance gains are achieved without loss 

of numerical accuracy. This is quantitatively verified by the 

low Mean Squared Error (MSE) values reported in Table 3. 

 

6.2. Odd Parabolic Function 

The execution time and speed-up obtained for the Odd 

Parabolic function for different readings of the parameter 𝐴 

reported in Table 4, with the truncation order fixed at 𝑁 =
 200 and a fine time discretization 𝑡 = −5: 10−5: 5. The 

sequential execution time remains nearly constant across all 

test cases, indicating that the CPU workload is mainly 

independent of 𝐴. In contrast, the parallel implementation 

completes the computation in a small fraction of a second. As 

a result, speed-ups exceeding 100× are consistently achieved, 

demonstrating the efficacy of the parallel strategy for 

evaluating the odd parabolic formulation. Figure 5 shows the 

validation of the Odd Parabolic function by comparing the 

outputs from the serial and the parallel executions. The two 

results are in good agreement over the entire time domain, also 

in regions close to extrema where the numerical sensitivity is 

higher. Such a close overlap confirms that the substantial 

computational speed-up achieved by parallel execution for the 

algorithms is with numerical accuracy, as confirmed by the 

MSE values presented in Table 5.

 
Table 2. Speed-up for Even Parabolic function 

Arguments 
𝑻𝒔𝒆𝒒(𝒔) 𝑻𝒑𝒂𝒓(𝒔) Speed-up(𝑻𝒔𝒆𝒒/𝑻𝒑𝒂𝒓) 

𝑨 𝑵 𝒕 

1 200 -5:1e-5:5 35.108406 0.234194 149.9116374 

2 200 -5:1e-5:5 33.783613 0.23514 143.674462 

3 200 -5:1e-5:5 33.38298 0.240366 138.883952 

4 200 -5:1e-5:5 34.305408 0.246413 139.2191483 

5 200 -5:1e-5:5 34.285809 0.240158 142.7635515 

6 200 -5:1e-5:5 35.295322 0.237028 148.9078168 

7 200 -5:1e-5:5 35.297272 0.24796 142.3506695 

8 200 -5:1e-5:5 35.518056 0.247988 143.224898 

9 200 -5:1e-5:5 35.370777 0.245564 144.0389349 
 

Table 3. Mean-squared error for Even Parabolic function 

Arguments 
MSE 

𝑨 𝑵 𝒕 

1 200 5:1e-5:5 3.03E-31 

2 200 5:1e-5:5 1.52E-30 

3 200 5:1e-5:5 5.96E-30 

4 200 5:1e-5:5 1.98E-29 

5 200 5:1e-5:5 5.95E-29 

6 200 5:1e-5:5 1.61E-28 

7 200 5:1e-5:5 4.27E-28 

8 200 5:1e-5:5 1.07E-27 

9 200 5:1e-5:5 2.53E-27 
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Fig. 4 Validation of Even Parabolic function 

Table 4. Speed-up for Odd Parabolic function 

Arguments 
𝑻𝒔𝒆𝒒(𝒔) 𝑻𝒑𝒂𝒓(𝒔) Speed-up(𝑻𝒔𝒆𝒒/𝑻𝒑𝒂𝒓) 

𝑨 𝑵 𝒕 

0.1 200 5:1e-5:5 32.421434 0.23716 136.707 

0.2 200 5:1e-5:5 31.981821 0.248174 128.869 

0.3 200 5:1e-5:5 32.887151 0.248169 132.519 

0.4 200 5:1e-5:5 32.946062 0.240758 136.843 

0.5 200 5:1e-5:5 33.977335 0.238302 142.581 

0.6 200 5:1e-5:5 33.944482 0.248187 136.77 

0.7 200 5:1e-5:5 33.986502 0.237713 142.973 

0.8 200 5:1e-5:5 33.984737 0.2484 136.815 

0.9 200 5:1e-5:5 34.428411 0.23445 146.848 

 

Table 5. Mean-squared error for Odd Parabolic function 

Arguments 
MSE 

𝑨 𝑵 𝒕 

0.1 200 5:1e-5:5 2.57E-31 

0.2 200 5:1e-5:5 7.14E-31 

0.3 200 5:1e-5:5 1.91E-30 

0.4 200 5:1e-5:5 4.89E-30 

0.5 200 5:1e-5:5 1.15E-29 

0.6 200 5:1e-5:5 2.72E-29 

0.7 200 5:1e-5:5 6.16E-29 

0.8 200 5:1e-5:5 1.32E-28 

0.9 200 5:1e-5:5 2.86E-28 
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Fig. 5 Validation of Odd Parabolic function

6.3. Wright Function 

The time for the execution and resulting speed-up for the 

calculation of the Wright function based on different 

parameter choices of the  α and β, are presented in Table 6, 

with the truncation order fixed at 𝑁 =  200 and a fine time 

discretization 𝑡 = 0: 10−5: 10. The time for sequential 

execution varies very little across all parameter settings, and 

the time for parallel execution varies by only a few 

milliseconds. This results in a speed-up of 160 times, clearly 

indicating the efficiency of the GPU-based parallel 

implementation of the Wright function. Figure 6 shows a 

comparison of the values of the Wright function calculated 

during serial and parallel runs during the time interval 

considered. The parallel results show excellent numerical 

agreement, closely matching the serial reference solution over 

the entire domain. This close correspondence confirms that the 

substantial performance gains reported in Table 6 are achieved 

without compromising numerical accuracy, with the MSE 

results in Table 7 confirming the numerical equivalence of the 

sequential and parallel implementations. 

 

6.4. Riemann Zeta Function 

The execution duration with obtained speed-up for the 

computation of the Riemann zeta function is presented in 

Table 8, for different readings of the parameter 𝑠, with a large 

truncation limit fixed at 𝑁 = 900000 and a fine time grid 𝑡 =
0: 10−5: 5. The sequential execution time is essentially 

constant for all s values, demonstrating that the computational 

cost on the CPU is determined by the truncation size rather 

than the parameter. On the other hand, the parallel 

implementation reduces the execution time drastically to the 

order of microseconds. As a result, speed-up factors on the 

order of 82 to 84 times are consistently obtained. The results 

show that the parallel technique is effective in speeding up the 

evaluation of the Riemann zeta function while maintaining 

stable performance for diverse parameter values. 

 

Validation of the Riemann zeta function by comparing the 

results obtained from serial and parallel executions over the 

considered range of 𝑠 given in Figure 7. The parallel results 

closely follow the serial reference curve throughout the 

domain, including the region near 𝑠 ≈ 1, where the function 

exhibits rapid variation. The near-complete overlap confirms 

that the parallel implementation preserves numerical accuracy 

while achieving the substantial performance improvements 

reported in Table 8. The low MSE values reported in Table 9 

further provide quantitative evidence of the accuracy and 

robustness of the proposed parallel implementation.

Table 6. Speed-up for the Wright function 

Arguments 
𝑻𝒔𝒆𝒒(𝒔) 𝑻𝒑𝒂𝒓(𝒔) 

Speed-up 

(𝑻𝒔𝒆𝒒/𝑻𝒑𝒂𝒓) 𝜶 𝜷 𝑵 𝒕 

0.1 0.1 200 0:1e-5:10 1.141606 0.00707 161.472 

0.2 0.7 200 0:1e-5:10 1.141066 0.007082 161.122 

0.3 0.5 200 0:1e-5:10 1.141347 0.007072 161.39 

0.4 0.4 200 0:1e-5:10 1.14106 0.007073 161.326 

0.5 0.2 200 0:1e-5:10 1.141054 0.007073 161.325 
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0.6 0.4 200 0:1e-5:10 1.141205 0.007068 161.461 

0.7 0.7 200 0:1e-5:10 1.141076 0.007072 161.351 

0.8 0.3 200 0:1e-5:10 1.141401 0.007067 161.511 

0.9 0.9 200 0:1e-5:10 1.14104 0.00704 162.08 

 

Table 7. Mean-squared error for Wright function 

Arguments 
MSE 

𝜶 𝜷 𝑵 𝒕 

0.1 0.1 200 0:1e-5:10 3.17E-33 

0.2 0.7 200 0:1e-5:10 1.19E-31 

0.3 0.5 200 0:1e-5:10 3.13E-31 

0.4 0.4 200 0:1e-5:10 1.41E-30 

0.5 0.2 200 0:1e-5:10 5.51E-30 

0.6 0.4 200 0:1e-5:10 8.94E-30 

0.7 0.7 200 0:1e-5:10 2.73E-29 

0.8 0.3 200 0:1e-5:10 9.40E-29 

0.9 0.9 200 0:1e-5:10 3.53E-29 
 

 
Fig. 6 Validation of the Wright function 

Table 8. Speed-up for Riemann Zeta function 

Arguments 
𝑻𝒔𝒆𝒒(𝒔) 𝑻𝒑𝒂𝒓(𝒔) 

Speed-up 

(𝑻𝒔𝒆𝒒/𝑻𝒑𝒂𝒓) 𝒔 𝑵 𝒕 

1 900000 0:1e-5:5 0.040729 0.000486 83.8045 

2 900000 0:1e-5:5 0.040726 0.000484 84.1446 

3 900000 0:1e-5:5 0.040701 0.000492 82.7256 

4 900000 0:1e-5:5 0.040732 0.000493 82.6207 

5 900000 0:1e-5:5 0.040715 0.000496 82.0867 

6 900000 0:1e-5:5 0.040727 0.000492 82.7785 

7 900000 0:1e-5:5 0.04072 0.000489 83.272 

8 900000 0:1e-5:5 0.04072 0.00049 83.102 

9 900000 0:1e-5:5 0.040715 0.000487 83.6037 
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Table 9. Mean-squared error for Riemann Zeta function 

Arguments 
MSE 

𝒔 𝑵 𝒕 

1 900000 0:1e-5:5 3.63E-32 

2 900000 0:1e-5:5 3.29E-32 

3 900000 0:1e-5:5 3.19E-32 

4 900000 0:1e-5:5 3.23E-32 

5 900000 0:1e-5:5 3.19E-32 

6 900000 0:1e-5:5 2.53E-32 

7 900000 0:1e-5:5 2.39E-32 

8 900000 0:1e-5:5 3.26E-32 

9 900000 0:1e-5:5 3.59E-32 

 

 
Fig. 7 Validation of Riemann Zeta function

6.5. Observation   

 Implementation of CUDA-based parallel algorithm for 

Parabolic Cylinder, Wright and Riemann Zeta functions 

achieved significant speed-up compared to sequential 

CPU implementation, indicating the effectiveness of 

GPU parallelization. 

 Parallel execution of independent arithmetic operations 

and recurrence computations in the case of the Parabolic 

Cylinder function has led to a noticeable reduction in 

execution time. 

 The GPU implementation was efficient in the case of the 

Wright function with respect to repeated series 

expansions and gamma function evaluations, leading to 

stable computational performance and better throughput. 

 The Riemann Zeta function enjoyed a major speed-up 

under CUDA execution, due to parallel summation and 

optimized kernel execution on GPU architectures. 

 The results obtained show that the variations of the 

parameters of the functions and the computational ranges 

do not significantly influence the robustness and accuracy 

of the parameters of the proposed GPU-based algorithms. 

 Improved computational efficiency and reduced 

execution latency for all functions through efficient 

utilization of GPU resources, e.g., thread-level 

parallelism and memory bandwidth. 

 The proposed CUDA-based parallel algorithms showed 

better scalability, higher execution speed, and better 

numerical performance than conventional CPU-oriented 

sequential methods, with accuracy of results. 

 

7. Conclusion 
The mathematical functions useful in non-integer 

calculus, namely, the Even Parabolic, Odd Parabolic, Wright, 

and Riemann Zeta functions, are computed in parallel 

framework using CUDA on GPU platform using the CUDA 

framework. The acceleration of computing these special 

mathematical functions is achieved through parallel 

processing algorithms that exploit multiple processing cores 

of the graphics processor via CUDA kernels. The series 

representations of these functions were modified to facilitate 

their parallel computation. This led to a significant reduction 

in the computation time, while maintaining a high numerical 
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accuracy. The results demonstrate that these functions are well 

suited for thread-level parallelization and can achieve speed-

ups of 90x to 160x over conventional CPU-based sequential 

implementations. The reliability of the approach has been 

confirmed by comparing the results of the proposed parallel 

algorithms with those of their serial execution, as well as by 

demonstrating the algorithms' convergence and accuracy. 

Moreover, the developed parallel computing framework can 

handle large-scale simulations of fractional calculus problems. 

Possible future directions may include the use of adaptive 

precision techniques, implementation in general-purpose 

solvers for more complex fractional-order differential 

equations and real-time implementation on embedded GPU 

platforms. 
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